Under simple conditions on f and a, we show the existence of positive radial solutions for the n-dimensional elliptic differential system u(x) + Λa(|x|)f(u(x)) = 0, R 1 < |x| < R 2 , u| |x|=R 1 = u| |x|=R 2 = 0.
Introduction
In this paper, we analyze the existence and multiplicity of positive radial solutions for the following n-dimensional elliptic differential system: ⎧ ⎨ ⎩ u(x) + Λa(|x|)f (u(x)) = 0, R 1 < |x| < R 2 , u| |x|=R 1 = u| |x|=R 2 = 0, (1.1) where denotes the Laplace operator, R 2 > R 1 > 0, x ∈ R n , n ≥ 2, a(|x|) is allowed to change sign on [R 1 , R 2 ], and x = (x 1 , x 2 , . . . , x n ) T , u(x) = u 1 (x), . . . , u i (x), . . . , u n (x) T , u(x) = u 1 (x), . . . , u i (x), . . . , u n (x) T , Λ = diag[λ 1 , . . . , λ i , . . . , λ n ], a |x| = diag a 1 |x| , . . . , a i |x| , . . . , a n |x| , f(x) = f 1 (x), . . . , f i (x), . . . , f n (x) T ,
where we understand f i (x) to mean f i (x 1 , x 2 , . . . , x n ), i = 1, 2, . . . , n. Therefore, system (1.1) means that (i = 1, 2, . . . , n) ⎧ ⎨ ⎩ u i (x) + λ i a i (|x|)f i (u(x)) = 0, R 1 < |x| < R 2 , u i | |x|=R 1 = u i | |x|=R 2 = 0.
(1.2)
Let J = [0, 1], R + = [0, +∞), R = (-∞, +∞), R n + = R + × R + × · · · × R + n . By a positive radial solution u * of system (1.1) we understand a solution u * with u * i ≥ 0 (i = 1, 2, . . . , n) and either u * i ≡ 0 (i = 1, 2, . . . , n). By the maximum principle, each nontrivial component of u * is thus positive in Ω = {x ∈ R n : R 1 < |x| < R 2 , R 1 , R 2 > 0}. For x, y ∈ R n , we define x ≤ y if and only if x i ≤ y i , i = 1, 2, . . . , n.
The study of boundary value problems with positive solutions has attracted recently the attention of different researchers and it is a topic of current interest; see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , and the references therein.
At the same time, we note that the existence and multiplicity of solutions to the elliptic differential systems:
under different boundary conditions have been studied extensively in the past decades (see [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] ). Kawano and Kusano [17] gave sufficient conditions which guarantee the existence of entire solutions of (1.3) by means of the method of sub-and super-solutions. By applying the linking theorem and with the assistance of the Nehari manifold, Benrhouma [18] showed the existence of at least two solutions of (1.3) in the whole space R n . Serrin and Zou [37] gave an excellent survey on the existence results for problem (1.3) .
However, there is almost no paper dealing with the n-dimensional elliptic differential system with indefinite weight functions and parameters; for instance, see [38] [39] [40] [41] and the references therein. Dalmasso [38] investigated the existence and uniqueness of positive solutions for the following elliptic system:
where Ω ⊂ R n (n ≥ 1) denotes a bounded domain of class C 2,α , α ∈ (0, 1]. Precup [39] considered the existence, localization and multiplicity of positive radial solutions of the elliptic differential system:
in Ω := {x ∈ R n : |x| > r 0 } (n ≥ 3), under the conditions u 1 = u 2 = 0 for |x| = r 0 and u 1 , u 2 → 0 as |x| → ∞.
Recently, in [40] , Maniwa studied the uniqueness and existence of positive solutions for the following elliptic differential system:
in Ω,
where p ij (1 ≤ i, j ≤ N) are nonnegative constants and Ω ⊂ R n (n ≥ 1) denotes a bounded domain of class C 2,α , α ∈ (0, 1).
To the best of our knowledge, in the literature there are no articles on multiple radial positive solutions for the analogous of n-dimensional elliptic differential system with indefinite weights and n parameters. More precisely, the study of Λ ≡ 1, and a changing sign on [R 1 , R 2 ] is still open for the elliptic systems. Specially, comparing with [17-39, 41, 42] , the main features of this paper are as follows.
(
In [40] , the author considered n-dimensional elliptic system and obtained several excellent results of uniqueness and existence of positive solutions, but Maniwa only studied the case λ i ≡ 1 and a i (|x|) ≡ 1 (i = 1, 2, . . . , n). On the other hand, in [43] , Yao pointed out that it is of particular mathematical interest when the weight function a(|x|) is allowed to change sign on [R 1 , R 2 ]. Therefore, the present work is new and significant.
In this paper, we always suppose that the following conditions hold: 1. f i : R n + → R + is continuous and there exists 0 < c i ≤ 1 such that
Moreover, a i (r) (i = 1, 2, . . . , n) does not vanish identically on any subintervals of [R 1 , R 2 ]. In Sect. 2 we list several preliminary results that will be used in the subsequent sections. Section 3 is devoted to stating and proving the main results. Several special cases and an example are also given in Sect. 4.
Preliminaries
Looking for radial solutions, let us first introduce the radial coordinates form of system (1.2); for details to see Precup [39] and Lee [44] . By the radial variable r = |x|, we can write
Let
Set v i (s) = u i (r(s)). Then taking the derivative of this equation with respect to r, and together with (2.2), we get
For convenience, we write v iss as v i (s). Thus submitting u irr and u ir into (2.1), we get
Set w i (t) = v i (s). Then similarly system (2.3) can be written as ⎧ ⎨ ⎩ w i (t) + λ i m 2 r 2(n-1) (m(1t))a i (r(m(1t)))f i (w(t)) = 0, 0 < t < 1,
5)
where i = 1, 2, . . . , n.
The following conditions will be assumed throughout this paper: (H 1 ) h i : J → R is continuous and there exists 0 < ξ < 1 such that
Moreover, h(t) does not vanish identically on any subintervals of J.
(H 2 ) f i : R n + → R + is continuous and there exists 0 < c i ≤ 1 such that
(H 4 ) There exists 0 < σ < ξ such that
We define
Then
Next we give some lemmas which we will need later. [45] ) Assume that (H 1 )-(H 2 ) hold. Then system (2.5) has a solution w = (w 1 , . . . , w i , . . . , w n ) given by
It is well known that C[0, 1] is a real Banach space with the norm given by 1] , and for any x = (x 1 , x 2 , . . . , x n ) T ∈ X,
Then (X, · ) is a real Banach space.
Define a cone K in X by
, and convex on [ξ , 1] , i = 1, 2, . . . , n,
We define some sets as follows:
where R > r > 0, i = 1, 2, . . . , n.
, it is easy to verify that G(t, s) has following properties:
We define the map
Cheng and Zhang [46] pointed out that the existence of a positive solutions of system (2.5) is equivalent to the existence of nontrivial fixed points of T λ in K .
Lemma 2.4 Assume
Define a function q : J → J as follows:
Then min σ ≤t≤ξ q(t) = σ ξ , max ξ ≤t≤1 q(t) = 1. For any w ∈ K , we prove that
Since w ∈ K and w i (0) = w i (1) = 0, i = 1, 2, . . . , n, then we have
where i = 1, 2, . . . , n. Accordingly, we know that
From the definition of ϕ i (i = 1, 2, . . . , n), we also have
By the above definitions and the properties of the Green's function G(t, s), we have
Similar to the proof of Lemma 2.4 in [47] , one can prove T Λ : K → K is completely continuous. The proof of Lemma 2.5 is complete.
The main proof is based on the well-known fixed point theorem of a cone expansion and a compression of norm type. 
Main results
Based on the lemmas mentioned above, we give the following theorems and their proofs. Proof On one hand, since θ i > 1, by (H 3 ), we get
where i = 1, 2, . . . , n. Furthermore, there exists a r 1 > 0 such that
. . , n. Then, for any w i ∈ ∂K i,r 1 , we have
Thus, for w i ∈ ∂K i,r 1 , i = 1, 2, . . . , n, we have
, σ ], where α = min σ 2 ≤t≤σ δ(t), i = 1, 2, . . . , n. Thus we have
, σ , i = 1, 2, . . . , n.
Since θ i > 1, i = 1, 2, . . . , n, by (H 3 ), we have
where i = 1, 2, . . . , n. Furthermore, there exists 0 < r 1 < R 1 such that
Thus, for w i ∈ ∂K i,R 1 , i = 1, 2, . . . , n, we have
In addition, choose a number 0 < r < r 1 . Noticing that f i (w) > 0 for all w > 0, we can define f i,r = min f i (w) : αr ≤ w i ≤ r , i = 1, 2, . . . , n.
, σ ], i = 1, 2, . . . , n. Then, for w i ∈ ∂K i,r , we have
where i = 1, 2, . . . , n. Thus, for w i ∈ ∂K i,r , i = 1, 2, . . . , n, we have
Applying Lemma 2.5 to (3.1), (3.2) and (3.3) shows that T Λ admits at least two fixed points w 1 , w 2 , where w 1 ∈ K R 1 \K r 1 and w 2 ∈ K r 1 \K r . Thus it follows from Lemma 2.1 that, if θ i > 1, i = 1, 2, . . . , n, there exists λ i,0 > 0 such that system (1.1) has at least two positive radial solutions for λ i ∈ [λ i,0 , +∞). This finishes the proof of Theorem 3.1. Theorem 3.2 Assume that (H 1 )-(H 4 ) hold. If 0 < θ i < 1, i = 1, 2, . . . , n, then there exists λ 0 i > 0 such that system (1.1) admits at least two positive radial solutions for λ i ∈ (0, λ 0 i ], i = 1, 2, . . . , n.
Proof On one hand, since 0 < θ i < 1, by (H 3 ), we get
where i = 1, 2, . . . , n. Furthermore, there exists a r 2 > 0 such that
G(t, s)h + i (s) ds > 1, i = 1, 2, . . . , n. Thus min{f i (w) : αr 2 ≤ w i ≤ r 2 , i = 1, 2, . . . , n} ≥ η 1 i n i=1 w i , i = 1, 2, . . . , n. Then, for any w i ∈ ∂K i,r 2 , i = 1, 2, . . . , n, we have
where i = 1, 2, . . . , n. Thus, for w i ∈ ∂K i,r 2 , i = 1, 2, . . . , n, we have
4)
On the other hand, since 0 < θ i < 1, by (H 3 ), we have
where i = 1, 2, . . . , n. Furthermore, there exists 0 < r 2 < R 2 such that
where i = 1, 2, . . . , n. Thus, for w i ∈ ∂K i,R 2 , i = 1, 2, . . . , n, we have
In addition, choose a number 0 < r < r 1 . Noticing that f i (w) > 0 for all w i > 0, we can define
Applying Lemma 2.5 to (3.4), (3.5) and (3.6) shows that T Λ admits at least two fixed points w 1 , w 2 , where w 1 ∈ K R 2 \ K r 2 , w 2 ∈ K r 2 \ K r . Thus it follows from Lemma 2.1 that, if 0 < θ i < 1, i = 1, 2, . . . , n, there exists λ 0 i > 0 such that system (1.1) has at least two positive radial solutions for λ i ∈ (0, λ 0 i ]. The proof of Theorem 3.2 is completed.
Some special cases and an example
In this part, we consider two special cases: Λ ≡ 1 of system (1.1) and the weight function a(|x|) is positive on (R 1 , R 2 ).
Case of Λ ≡ 1
We consider Λ ≡ 1, that is, λ i ≡ 1 (i = 1, 2, . . . , n). If Λ ≡ 1, system (1.1) translates into the system (4.1): a(|x|)f(u(x) 
u| |x|=R 1 = u| |x|=R 2 = 0.
(4.1)
Similar to system (2.5), we transform system (4.1) into the system (4.2):
We define the map T : R n + → R n + with components (T 1 , . . . , T i , . . . , T n ). Here, we understand Tw = (T 1 w, . . . , T i w, . . . , T n w), where
(4.3)
As Cheng and Zhang [46] pointed out, the existence of a positive solution of system (4.1) is equivalent to the existence of a nontrivial fixed point of T in K . Proof We denote
Let θ i > 1 (i = 1, 2, . . . , n). On the one hand, since θ i > 1 (i = 1, 2, . . . , n), by (H 3 ), we have
Furthermore, there exists a r 1 > 0 such that
If w i ∈ ∂K i,r , then w i ∞ = r 1 and 0 ≤ w i (t) ≤ w i ∞ = r 1 , t ∈ J, i = 1, 2, . . . , n. This implies that f i (w(t)) ≤ N n i=1 w i (t) ≤ Nnr 1 , t ∈ J, i = 1, 2, . . . , n. Then, for any w i ∈ ∂K i,r 1 (i = 1, 2, . . . , n), we have
Consequently,
On the other hand, if w i ∈ K i , i = 1, 2, . . . , n, then from the concavity on [0, ξ ],
Furthermore, there exists 0 < r 1 < R 1 < +∞ such that
Choose
Summing up we can show that T has at least one fixed point w 1 , where w 1 ∈ K R 1 \ K r 1 by applying Lemma 2.5 to (4.4) and (4.5) . According to Lemma 2.1, if θ i > 1, i = 1, 2, . . . , n, system (4.1) has at least one positive solution.
If 0 < θ i < 1 (i = 1, 2, . . . , n), the proof is similar. We omit it. The proof of Theorem 4.1 is completed.
If min 1≤i≤n l i k i is sufficiency large, we have the following theorem.
Theorem 4.2 Assume that (H 1 )-(H 4 ) hold and there exist two positive numbers A 1 , B 1 such that one of the following conditions is satisfied:
Then system (4.1) has at least three positive radial solutions.
Proof It is enough to prove the case (i). We have the following claim. 
On the other hand, letting ψ i (w) = min{f i (y) : αw ≤ y ≤ w} (i = 1, 2, . . . , n), then ϕ i , ψ i : R n + → R + (i = 1, 2, . . . , n) are continuous. Since M < N, ψ i (B 2 ) > B 2 N, ϕ i (A 2 ) < A 2 M, we assert that there exist
By using Claim 4.1 for (B 2 , A 1 ), (A 1 , B 1 ), (B 1 , A 2 ), respectively, we see that the operator T has three fixed points w 1 , w 2 , w 3 ∈ K satisfying
By Lemma 2.1 and Lemma 2.5 we know that system (4.1) has at least three positive radial solutions. The proof of Theorem 4.1 is completed.
Case of definite weight function
We consider the multiplicity of elliptic system (1.1) with definite function. By a series of transformations, (1.1) is transformed to (2.4) . Assume the following conditions throughout:
(A 1 ) Λ = (λ 1 , . . . , λ i , . . . , λ n ) > 0 is a parameter vector; 
Proof For t ∈ J ρ and s ∈ J, we have
Then the proof is complete.
We define a cone K in X by for all x, y ∈ K and t ∈ J.
Let K be a cone in a Banach space X. For positive numbers 0 < c < d, we define the convex set K(β, c, d) by K(β, c, d) = x : x ∈ K, c ≤ β(x), x ≤ d .
In this part, β(x) = n i=1 β i (x i ), and we understand K(β, c, d) = (K 1 (β 1 , c, d), K 2 (β 2 , c, d), . . . , K n (β n , c, d)), where K i (β i , c, d) = {x i : x i ∈ K i , c ≤ β i (x i ), x i ∞ ≤ d}, i = 1, 2, . . . , n.
We define the map T Λ : K → X with components (T λ 1 1 , T λ 2 2 , . . . , T λ n n ) T . Hence, we understand T Λ w = (T λ 1 1 w, T λ 2 2 w, . . . , T λ n n w) T , which As Cheng and Zhang [46] pointed out, w is a positive radial solution of system (1.1) if and only if w ∈ K is a positive point of T Λ . 
G(t, s)h i (s)f i x(s) ds
For all w ∈ K(β, nC, nC ρ ), that is, w i ∈ K i (β i , C, C ρ ), we have w i ∞ ≤ C ρ , and from the definition of K i , we know that min t∈J ρ w i (t) ≥ ρ w i ∞ . Thus we have This implies that condition (ii) of Lemma 4.4 holds.
Finally, we assert that if w i ∈ K i (β i , C, L) and T
This implies that condition (iii) of Lemma 4.4 holds.
